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a b s t r a c t 

The performance of the zirconium alloys used in nuclear reactors can be affected by the 

state of the residual stresses that develop during manufacturing of the reactor core com- 

ponents. In this paper, residual stresses within individual grains of a textured α-zirconium 

polycrystal are studied. For this purpose, three-dimensional synchrotron X-ray diffraction is 

used to measure elastic strain tensor, center-of-mass (COM), orientation, and stress tensor 

of more than 11,0 0 0 grains in a zirconium sample. The grain measured COMs and orien- 

tations are used to reconstruct the 3D microstructure of the sample using the weighted 

Voronoi tessellation technique. The microstructure is subsequently imported into Abaqus 

to simulate the experiment using a crystal plasticity finite element model. The state of the 

thermal residual stresses that develop during slow cooling from 700 °C, and those that 

develop after unloading from 1.2% applied tensile strain are discussed. It is shown that 

both thermal and mechanical micro residual stresses, and their variations within a grain, 

are correlated with grain size. Also, due to strong anisotropy of the single crystal, residual 

stresses are significantly affected by the configuration of local grain neighborhood. 

© 2019 Elsevier Ltd. All rights reserved. 

 

 

 

 

 

 

 

 

 

 

 

 

1. Introduction 

Zirconium (Zr) and its alloys have been widely used in the core of nuclear reactors due to their good mechanical proper-

ties and high neutron transparency. The most common form of Zr is the α-phase which has hexagonal close-packed (HCP)

crystal structure with high elastic, thermal, and plastic anisotropy. One of the main challenges of using Zr in light or heavy

water reactors is its susceptibility to formation of zirconium hydrides. During the normal operation of a nuclear reactor,

hydrogen from water can diffuse into the Zr lattice. At lower temperatures, the solubility limit of hydrogen in Zr reduces,

resulting in the formation of a brittle phase known as zirconium hydride. This phase has a very low fracture toughness,

affecting the lif e-span of reactor core components. It has been suggested that formation of hydrides is affected by the state

of stresses at the grain boundaries and their variations within a grain ( Perovic et al., 1992 ). More importantly, it has been

suggested that grain-level thermal residual stresses that develop during manufacturing of zirconium nuclear pressure tubes

can affect the diffusion of hydrogen and formation of hydrides in pressure tubes ( Judge, et al., 2018 ). As such, this paper

focuses on characterizing such localized stresses in α-Zr crystals. 

Different diffraction techniques are used to measure stresses in Zr-alloys. For example, neutron diffraction was used to

measure the evolution of internal lattice strains during uni-axial deformation experiments conducted on Zircaloy-2 sam-
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Table 1 

Chemical composition of the CPZr sample ( Gong et al., 2015 ). Num- 

bers are given in ppm. 

Zr C Hf Fe Cr N O H 

Balance 250 2500 200 200 100 1000 10 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ples ( Xu, et al., 2008 ). In this experiment, the average stress within families of grains, that diffract an incident beam, was

measured. Such measurements are valuable as the effects of load partitioning on deformation mechanism at the meso-scale

can be studied; however, stress development within individual grains cannot be measured due to resolution limits of the

method. A few experimental techniques are currently available for measuring grain-level stresses. Laue micro-diffraction is

one of those techniques, which was used, for example, to measure lattice curvature in a fatigued copper sample ( Irastorza-

Landa et al., 2017 ); however, in Laue micro-diffraction technique, only a few grains can be examined. Three-dimensional

synchrotron X-ray diffraction (3D-XRD) is another technique that provides grain-level stress tensor ( Lauridesen et al., 20 0 0 ;

Jakobsen et al., 2006 ; Johnson et al., 2008 ; Hurley et al., 2018 ). With 3D-XRD, the center-of-mass position (COM), relative

volume, average orientation, average elastic strain, and stress of individual grains in a polycrystal can be measured. For in-

stance, this technique was used to measure the evolution of stress in twin and parent pairs in Zircaloy-2 ( Abdolvand et al.,

2015a , b ) and magnesium alloys ( Aydiner et al., 2009 ; Abdolvand et al., 2015 ). Furthermore, 3D-XRD was recently used to

study deformation-induced grain orientation spread and the possible effects of grain–grain interactions on the activation

of various slip systems in steel and zirconium ( Oddershede et al., 2015 ; Winther et al., 2017 ; Abdolvand et al., 2018 ). With

3D-XRD it is possible to measure average stresses of many grains, but at the expense of losing information about stress vari-

ations within individual grains. For capturing such variations, high resolution electron backscatter diffraction (HR-EBSD) can

be used. HR-EBSD has been used to study residual stress field close to grain boundaries ( Zhang et al., 2018 ; Jiang et al., 2015 ;

Tong et al., 2015 ; Abdolvand and Wilkinson, 2016 ); however, due to low penetration depth of electrons, such variations can

only be measured at the sample surface. 

Various numerical techniques have been used to simulate stress development in polycrystals at different length scales.

For simulating meso-scale stresses, crystal plasticity has been employed in various frameworks including, finite element

( Ardeljan et al., 2014 ; Enshiro and Dunne, 2015 ; Cheng and Ghosh, 2017 ), self-consistent ( Lebensohn and Tome, 1993 ;

Wang et al., 2010 ; Xiazi et al., 2015 ), and fast Fourier transformation ( Kumar et al., 2016 ; Kumar et al., 2019 ; Lebensohn and

Needleman, 2016 ). Crystal plasticity is a set of constitutive equations that describes plastic deformation by the movement of

dislocations on a slip plane in the slip direction ( Asaro, 1983 ). This technique has been successfully used for modelling plas-

tic deformation by slip ( Shahba and Ghosh, 2016 ; Guan et al., 2017 ) and twinning ( Abdolvand et al., 2018 ; Abdolvand and

Daymond, 2013a, 2013b ; Cheng and Ghosh, 2015 ). Also, it has been used to model damage nucleation at or close to grain

boundaries ( Bieler et al., 2009 ; Su et al., 2016 ), and to model non-Schmid effects in nickel based superalloys ( Keshavarz et al.,

2016 ). Advances in the field have led to the development of strain gradient CPFE models to study formation of slip bands

and capture non-local effects ( Forest et al., 2002 ; Ma et al., 2006 ; Erinosho and Dunne, 2014 ). 

In this study, the state of the residual stresses in Zr crystals are investigated using CPFE numerical modeling and 3D-XRD

experimental measurement. Firstly, the steps required for extracting grains stress and strain tensors, COMs, orientations,

and volumes using 3D-XRD are described. Several codes are developed to reconstruct grain shapes based on their measured

COMs, and relative volumes. The simulated microstructure is subsequently imported into a CPFE model to simulate thermal

and mechanical residual stresses. The results of the CPFE model are compared against measured values to understand the

nature and origin of such stresses. The effects of sample texture on the reported trends are subsequently studied. 

2. Experimental method 

2.1. Sample 

A large bar of CPZr with the composition shown in Table 1 was first annealed at 700 °C in an Argon gas environment

to prevent oxide layer formation and then air cooled to relieve residual stresses from manufacturing. A dog-bone sample

was then cut from the bar such that the sample tensile axis coincided with the original bar diameter. To reduce the effects

of machining, the sample was then mechanically polished down to 40 0 0 grit followed by polishing with colloidal silica

solution. To reduce the effects of the surface damage on the quality of the collected diffraction patterns, the sample was

finally electro-polished for 45 s at 25 V in a solution of 10% perchloric acid and 90% methanol at −30 °C. An example of the

EBSD map measured for the sample is shown in Fig. 1 a. The coordinate system used in this paper is shown in Fig. 1 b where

the z -axis coincides with the original bar diameter and the loading direction, the x -axis points into the sample thickness

along the incident X-ray beam direction, and the y -axis is given by the cross product of the other two which coincided with

the longitudinal axis of the original bar. The 3D-XRD measured pole figure of the sample is shown in Fig. 1 c. The (0 0 02)

pole figure shows that most of the grains have their c -axis oriented towards the x -axis with lesser grains oriented towards

the z -axis. 
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Fig 1. (a) An EBSD map of the undeformed sample with the color legend given in the right hand side of the figure. Colors are coded with respect to 

inverse pole figure z. (b) The sample used in 3D-XRD experiment with the lab coordinate system shown in the bottom of the picture; z -axis is the loading 

direction and the sample gauge length is 20 mm. (c) The (0 0 02) and ( 1 ̄1 00 ) measured pole figures from 3D-XRD. Scales are given in multiples of random 

distribution. (d) Test set-up. 

 

 

 

2.2. 3D-XRD experiment 

The experiment was conducted at the ID-11 of the European Synchrotron Radiation Facility (ESRF), Grenoble, France. The

sample was mounted on an Admet tensile rig that applies load uniaxially. The macroscopic applied load was measured

by a load cell attached to the tensile rig while the macroscopic strain was measured using two different methods: (a) by
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tracking two silver wires glued to the sample and determining their precise position using the incident x-ray beam and (b)

by digital image correlation tracking changes in the position of the wires using optical images. The sample was deformed

under strain-control at an applied strain rate of 2.64 × 10 −5 s −1 . Diffraction measurements were conducted at four different

steps: preload, onset of plasticity ( ε = 0 . 59% ), maximum applied strain of ε = 1 . 2% , and finally unload. For the preload step,

the sample was firstly aligned to ensure that the whole cross section would be immersed in the X-ray beam throughout the

rotation steps; then, it was pre-loaded to 7 MPa for collecting diffraction patterns. For the next two steps, the sample was

initially deformed to the prescribed strains. For the last step, the sample was unloaded to 10 MPa using the same strain rate.

At each measurement step, after aligning the sample, the center of the probed volume was re-calculated by determining the

current position of the silver wires and applying the necessary movements in the z-direction to follow the same volume.

The first and last steps are the two steps where thermal and mechanical residual stresses were measured, respectively, while

the middle two steps were used to ensure that evolution of stress at the grain level was captured in the CPFE model. 

At each loading step, diffraction patterns were acquired using a monochromatic X-ray beam with the energy of 78.39 keV.

In order to measure the state of the deformation in 3D, the sample was rotated about the z -axis. The sample and the loading

stage were firstly rotated from −234.5 to −125.5 °, and then from −54.5 to 54.5 ° both with the rotation step of 0.25 ° The

exposure time for collecting diffraction images with 2048 × 2048 pixels was 0.25 s for each rotation step. Once diffraction

patterns were measured for one layer, the sample was moved along the z -axis by 25 μm so that measurement for the next

layer could be conducted. This process was repeated until 15 layers of the sample were probed, i.e. a 0.375 mm length of

the sample gauge was covered. The post-processing of the measured data was mainly done by the use of ImageD11 and the

subroutines embedded into Fable ( https://sourceforge.net/p/fable/wiki/Home/ ). Full description of this procedure is given in

Abdolvand et al. (2018) . 

3. Crystal plasticity simulations 

3.1. Input model 

The measured COMs and relative volumes of the grains were used to simulate grain shapes and import the simulated

microstructure into the Abaqus finite element solver. This was done by calculating the “real” physical volume of each grain

in the scanned volume, assuming that grains are space-filling, and no grain was missed during the analysis of the 3D-XRD

data. With these assumptions, the 3D-XRD measured relative volumes can be multiplied by the dimensions of the probed

volume to get the “real” volume of each grain. Grain volumes and the measured COMs were subsequently used to simulate

grain shapes using the weighted Voronoi tessellation technique described in ( Abdolvand et al., 2015 ). 

Surface stresses may develop during machining, mechanical polishing, or mounting of the sample on the tensile rig. To

avoid such effects, grains located within 100 μm of the free surfaces were removed, i.e. a subset of grains were imported

into the Abaqus FE solver. These grains are located in the center of the probed volume and fall into a cube of 200 μm side,

meshed with a step size of 4 μm, and has 50 × 50 × 50 elements that cover 1038 grains as shown in Fig 2 a. The same cube

was also meshed using step size of 5 and 17 μm to check the convergence of the FE results. These three models are called

S4, S5, and S17, respectively. The simulation cube was then discretized using C3D8 elements. At this stage, the position of

each element in the cube was substituted into Eq. (1) for grain assignment ( Abdolvand et al., 2015 ): 

C i = 

{ 

X ∈ R 

d 
∣∣‖ 

X − s i ‖ 

2 − w 

2 
i < 

∥∥X − s j 
∥∥2 − w 

2 
j , i � = j 

} 

(1) 

where X is the position vector of the element in the cube, s i is the position vector of the seed point of the grain i , and w i 

is the radius of the same grain. For determining the seed point of each grain, Eq. (1) is solved in two steps. In the first step,

s i is replaced by the measured COM i of the grain G i . This result in a new COM b for G i which does not necessarily coincide

with the actual measured COM i . In the second iteration, s i is set equal to 2COM b - COM i . It is shown that the second iteration

provides a much better estimation of grain boundaries ( Lyckegaard et al., 2011 ). The model with its corresponding texture is

illustrated in Fig 2 . Comparison of the pole figures for the simulated cube ( Fig. 2 b) with those measured experimentally for

the larger probed volume ( Fig. 1 c) indicate that the overall texture is well captured in the CPFE model. Further, In Fig. 2 c,

the relative volume of each grain in the simulated microstructure is compared to those measured. Results for a second case

where Voronoi tessellation is used is also shown. For this case the weight function ( w i and w j ) in Eq. (1) was simply set to

zero and grains COMs were used as seed points. It can be seen that the relative volume from weighed Voronoi are much

closer to those measured experimentally. 

For simulating the experiment, the model was firstly cooled down to room temperature in the absence of any external

load (zero net force in all directions) to simulate the development of thermal residual stresses during heat treatment. In

the second step, the sample was deformed at the same strain rate that was used in the experiment. Periodic boundary

conditions were applied on each of the surfaces of the simulation cube following the method described in ( Abdolvand et al.,

2011 ). A tensile elongation was applied along the z -axis, while in the transverse x and y axes the contraction was left free,

and the model was allowed to relax to zero transverse net force. 

A crystal plasticity user material (UMAT) subroutine for the Abaqus finite element solver that was developed by

Abdolvand et al. (2011) was used for simulating deformation of each grain. A brief description of the key equations used

in the subroutine is given here; comprehensive explanations are given elsewhere ( Abdolvand et al., 2011 ). At the beginning

https://sourceforge.net/p/fable/wiki/Home/
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Fig. 2. (a) The modelled microstructure that was imported into a finite element solver for simulating 1038 grains. Random colors are assigned to elements 

to distinguish different grains. (b) The corresponding pole figure of the modelled microstructure. (c) Comparison between the measured volumes of the 

grains and the simulated ones using Voronoi and weighted Voronoi tessellation. (d) Comparison between the average stress–strain curves calculated for 

each model with the experimentally measured ones. 

 

 

 

 

 

 

 

 

 

 

of each time increment, Abaqus FE solver provides strain and time increment data into the UMAT, in which the new state

of stress, solution dependent state variables, and the Jacobian matrix ( ∂�σ
∂�ε 

) are calculated. The total strain increment ( �ɛ )

can be decomposed to the elastic ( �ɛ el ) and plastic ( �ɛ pl ) parts. For the CPZr sample used in this study, the c -axis of the

HCP crystals are mostly in compression, and since the deformation is applied to small strains, the effects of twinning are

ignored; hence, the plastic strain rate can be calculated from the slip rate ( ̇ γ α): 

˙ ε pl = 

N spl ∑ 

α=1 

P α ˙ γ α

P α = sym ( S α) where S α = d α � n 

α (2)

In which P α is the symmetric part of the Schmid tensor ( S α) for the slip system α, d α is the direction of the slip and n α

is the normal to the slip plane. The slip rate of the slip system α is calculated using Eq. (3) ( Asaro, 1983 ): 

˙ γ α = ˙ γ0 

∣∣∣τ
α

g α

∣∣∣
n 

sign 

(
τα

g α

)
(3)

where ˙ γ0 is a reference shear strain rate, and n is a constant that controls rate dependency. The value of ˙ γ0 and n are

provided in Table 3 . τα and g α are the resolve shear stress on the slip system α and the current strength of this system,

respectively. At room temperature, plastic deformation of CPZr is mostly controlled by prism 11 ̄2 0 , basal 11 ̄2 0 , and pyramidal

11 ̄2 3 slip systems ( Xu et al., 2008 ; Abdolvand et al., 2011 ). The CRSS values used in this study are 82 MPa, 109 MPa, and
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287 MPa, respectively, with no further hardening. These CRSS values were established by scaling down those reported by

Gong et al. (2015) from micro-cantilever testing of the same batch of CPZr to allow for a change in strain rate and the stress

relaxation occurring during the 3D-XRD experiment. This model is called “relaxed model”. In addition, a second set of crystal

parameters was used to study the effects of displacement-hold and crystal hardening on the calculated residual stresses for

the unload step. These parameters were extracted by Abdolvand et al. (2011) for α-Zr and are provided in the supplementary

file (Table S1). This model is called “displacement-hold”. In the supplementary file, it is shown that the difference between

the “relaxed” model and “displacement-hold” model for thermal and mechanical residual stresses are negligible. Hence, in 

all simulations presented in this paper, the first set of parameters are used with the “relaxed model”. 

The shear stress acting on each slip system can be calculated from the Kirchoff stress ( 	) through the following equation:

τα = P α : 	 (4) 

The Jaumann rate of Kirchoff stress ( 

 

	) is related to the elastic part of the rate of deformation ( ̇ D 

el ) and the elastic

stiffness tensor ( C ) as: 


 

	 = C : ˙ D 

el where 

 

	 = 

˙ 	 − ˙ �el 	 + 	 ˙ �el (5) 

where ˙ �el is the elastic part of the spin tensor. The deformation and the rotation rates are correlated to the symmetric and

asymmetric parts of the velocity gradient ( L ) as: (
˙ D 

el + 

˙ D 

pl 
)

+ 

(
˙ �el + 

˙ �pl 
)

= sym ( L ) + asym ( L ) (6) 

and the plastic part of the rotation increment is correlated to the plastic shear rate and asymmetric part of the Schmid

tensor ( W 

α): 

˙ �pl = 

N spl ∑ 

α=1 

W 

α ˙ γ α (7) 

The elastic modulus of the single crystal CPZr used in this study is the one determined by Fisher and Renken (1964) :

C 11 = = 143.5 GPa, C 33 = = 164.9 GPa, C 12 = = 72.5 GPa, C 13 = = 65.4, GPa, and C 44 = = 32.1 GPa. 

4. Results 

In the following sections, stresses and strains are given in the global coordinate system shown in Fig. 1 b where x, y, and

z coincide with the X-ray beam (11), transverse (22), and the loading (33) directions, respectively. σ H is used to represent

hydrostatic stress. In calculating propensities from the 3D-XRD experiments, the measured volume fraction of grains are

taken into account to provide a like-to-like comparison with the obtained values from CPFE simulations. Also, in all of the

relevant figures, β represents the angle between the Basal plane normal and the loading direction. Neighboring grains are

identified after meshing the volume and a grain neighbor is defined as the one that shares at least one element surface

with another grain. 

4.1. 3D-XRD vs. CPFE results 

The macroscopic stress–strain curve for CPZr is shown in Fig. 2 d. In this figure, the continuous stress strain curve that

was measured non-stop is compared against the one measured during 3D-XRD experiment. For each applied strain, there

are three stresses that were measured during the 3D-XRD experiment; these three values correspond to the initial measured

stress at a given strain, the stress measured after the sample alignment (~30 min hold at that strain level) and right before

the start of diffraction measurement, and the stress measured at the end of the measurement. For the preload and unload

steps, the last two stresses coincide with the initial measured stresses as there was no evident stress relaxation. The initial

measured stresses are close to the ones measured during continuous experiment, although they are slightly higher as the

strain rate during the 3D-XRD experiment (2.64 × 10 −5 s −1 ) was a little higher than that of the continuous experiment

(1 × 10 −5 s −1 ). The macroscopic stresses measured at the end of the each loading step are very close to the stresses deter-

mined from the 3D-XRD measurements using the weighted volume average of the stresses measured for each grain. Further,

it is shown in Fig. 2 d that CPFE results, at macro-level, are converged for S5 and S4 models. The results of model S4, how-

ever, is used throughout this paper as more elements are assigned to each grain. Further analysis of calculated stresses for

each grain indicate that grain average stresses are converged for both model S5 and S4; however, to capture “true” stresses

at the grain boundaries, it is necessary to use higher mesh densities or special element types as discussed by ( Gonzalez

et al., 2014 ). As such, for the analysis of stress variations, e.g. stress range, all elements located at the grain boundaries are

removed and only the IPs located within grain interiors are used. 

The total number of indexed grains obtained at each loading step and number of peaks assigned to each grains are

shown in Table 2 . Since the sample was deformed to small strains, there is only a small reduction in the number of peaks

per grain. This is also reflected in the estimated errors for the COM and stresses measured for each grain. The distribution

of the measured stresses and orientations for each loading step are shown in Fig. 3 , where each grain is represented by a
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Table 2 

Details of the 3D-XRD experiment. 

Step Applied 

strain 

(%) 

Measured 

macro 

stress 

(MPa) 

Number 

of grains 

Average 

Number 

of peaks 

per grain 

Average error for 

measured positions (μm) 

Grain weighted-average stress with estimated errors 

(MPa) 

�x c �y c �z c σ xx σ yy σ zz σ xy σ xz σ yz 

Preload 0.0 7 11,247 102 ±5.4 ±3.2 ±1.4 −20 8 2 −1 −2 2 

±27 ±19 ±16 ±4 ±5 ±7 

Onset of 

plasticity 

0.59 258 10,677 102 ±5.5 ±3.3 ±1.4 −23 11 249 −2 2 1 

±27 ±20 ±17 ±4 ±5 ±7 

Plastic 

zone 

1.2 270 8869 99 ±6.7 ±4.0 ±1.7 −24 13 264 −2 2 2 

±33 ±24 ±20 ±5 ±7 ±8 

Unload NA 10 9013 98 ±6.7 ±4.0 ±1.7 −28 9 2 0 −2 1 

±33 ±24 ±21 ±5 ±7 ±8 

Table 3 

single crystal parameters used for S4, S5, and S17 

models. 

n ˙ γ0 (s −1 ) CRSS (GPa) 

Prism 20 3.5 × 10 −4 0.082 

Basal 20 3.5 × 10 −4 0.109 

Pyramidal 20 1.0 × 10 −4 0.287 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

sphere with a volume proportional to the measured volume of the grain. It is shown in Fig. 3 a that most of the grains have

their c -axis perpendicular to the loading direction. This means that basal and prism are the two main active slip systems.

Further, σ 33 stresses measured at the onset of plasticity and applied stress of 1.2% are generally varying between 100 and

400 MPa, while those measured at the preload and unload vary between −200 and 200 MPa. Since hydrogen diffusion in

Zr lattice depends on the state of the hydrostatic stresses, the variation of σ H at the preload and unload are provided in

Fig. 3 f, and g. 

The distribution of the grain measured residual stresses as a function of the angle ( β) between the sample z -axis and

the crystal c -axis for σ 33 and σ 11 at the preload step are shown in Fig. 4 a and b, respectively. The grain to grain variations

in residual stresses are large, despite the anneal and slow cool. Measured stresses vary between −200 and + 200 MPa with

an overall standard deviation of 52 MPa. Averaging stresses (by grain volume) within each 5 ° bin in angle β reveals an

underlying trend of more σ 33 tensile stress for grains with the c -axis aligned close to the sample z -axis, and a gradual

decrease into a slight compressive stress for grains with c -axis near 90 ° to the z -axis. CPFE results shown in Fig. 4 d–f

indicate that such trends are due to anisotropy of the coefficient of thermal expansion (CTE) for the HCP crystal which is

larger along the c -axis ( αc = = 10.1 × 10 –6 K 

−1 ) than normal to it ( αa = = 5.3 × 10 –6 K 

−1 ). The thermal residual stresses

develop as a result of the grain–grain interaction and anisotropy in the elastic modulus and thermal coefficient of expansion.

The volume averaged of 3D-XRD results for the unload step, given in Table 2 , confirm that there is no external loading

on the sample. The obvious comparison to make is with the initial state where grains with c -axis within ~15 ° of the z -axis

exhibited tensile residual stress on average of ~50 MPa, but in some cases in excess of 150 MPa ( Fig 4 a). By comparison

the residual stresses at the end of the test after the tensile deformation are significantly reduced for these hard oriented

grains ( Fig. 4 c) for which the average stress is close to zero, though individual grains have stresses distributed between

+ 100 MPa and -100 MPa. Grains with high β have a slightly compressive σ 33 , which is similar to the condition before

the load-unload cycle. CPFE simulation at unload is shown in Fig. 4 g-i where a good agreement between CPFE simulation

and 3D-XRD measurement was achieved. In the both preload and unload steps, most grains have grain-average stress of

zero. In the unload step, the bar graphs broaden to overall standard deviation of 80.4 MPa reflecting the effects of plastic

deformation that occurred in the crystals at 1.2% applied strain. Further analysis of the results show that at the preload

and unload, the hydrostatic stress varies between ±200 MPa with the overall standard deviation of 44.9 MPa and 52.8 MPa,

respectively. 

4.2. Effects of grain size 

In Fig. 5 , the grain-average stress obtained from CPFE and 3D-XRD in the preload and unload steps are plotted against

the measured diameters of the grains. In this figure, “o” represents the grain-average stress and grains are grouped based on

their diameters using 5 μm increments. To calculate the average of stress for each group, shown with an “X”, the absolute

value of grain-average stresses are used, and the plotted line is fitted using the “X” values. It can be seen that in all scatter

plots, the slope of the fitted line is negative. This indicates that, on average, bigger grains are more likely to experience lower

grain-average stresses; however, it does not imply that big grains have lower “local” stresses (see Section 5.2 ). Also, as the

diameter increases, stress range for each group decreases. For example, σ H at preload for grains with dimeter of 10 μm vary

between ±200 MPa, but at 60 μm, this range is ±50 MPa. Similar trends were captured at the unload step. The same trends
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Fig. 3. Measured stresses and orientations from 3D-XRD experiment: (a) the misorientation between the basal plane normals and the loading direction 

( β) for preload. Stress in the loading direction at the (b) onset of plasticity (c) applied strain of 1.2%, (d) preload and (e) unload. Hydrostatic stresses at the 

(f) preload and (g) unload steps. 



A. Alawadi and H. Abdolvand / Journal of the Mechanics and Physics of Solids 135 (2020) 103799 9 

Fig. 4. Grain measured residual stresses as a function of the angle between the basal plane normals ( β) and the loading direction: (a) σ 33 and (b) σ 11 at 

the preload and (c) σ 33 at the unload. The size of each circile is proportional to the measured volume for each grain. (d) – (i): Comparison between σ 11 , 

σ 22 , and σ 33 obtained from CPFE and 3D-XRD for the preload and unload steps. 

 

 

 

 

 

 

 

 

 

 

 

 

 

are captured in CPFE results; however, the slopes of the fitted line obtained from CPFE are lower than those obtained from

3D-XRD. One of the factors that affect this slope is the number of grains contributed in each population. In the CPFE model,

not all measured grains are simulated, hence, the effects of the grain–grain interactions are underestimated, especially for

the grains at the model surface. This is further discussed in Section 5.2 . 

5. Discussion 

Since stress variation within grains can be extracted from CPFE simulations, in this section, the effects of grain size and

grain neighborhood on the development of localized stresses and their effects on the observed trends for grain-average

stresses will be discussed. 

5.1. Size effects 

CPFE results are used to investigate the variation of stress across individual grains. Two grains that have different diam-

eters are compared. The first grain is the grain number 4329, one of the bigger grains in the simulated population. It has a

diameter of 54.5 μm with 8528 integration points (IP). The second grain, grain 3144, is a smaller grain that has a diameter

of 28.2 μm and 1520 IPs. Both grains are compared in terms of stress variation within the grain, at the preload and unload

steps ( Fig. 6 a–f and Table 4 ). In this paper, stress range refers to the difference between the highest and lowest calculated

stresses from IPs of a grain. For the calculation of stress range, IPs located at the grain boundaries are removed from the

analysis. Full width at half maximum (FWHM) of stress is calculated using stresses at each IP. Stress range is an indication of

localized stress fields close to grain boundaries while FWHM represent general stress variation within the grain. In Table 4 ,
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Fig. 5. Grain average σ 33 and σ H as a function of grain diameters: Results from 3D-XRD are shown in the top row and those from CPFE are shown in the 

bottom row. The first two columns are from preload step and the last two are from unload. The absolute value of the measured and calculated data are 

used for data fitting. 

Table 4 

Grain 4329 and 3144 stress values. 

Preload Unload 

σ 11 σ 22 σ 33 σ H σ 11 σ 22 σ 33 σ H 

Grain 4329 (with 8528 IPs) 

FWHM (MPa) 69.9 34.5 52.5 31.4 106.4 105.9 69.6 65.6 

Stress range (MPa) 247.1 153.9 254.4 155.2 520.4 334.4 323.8 254.8 

FWHM/ Stress range (%) 28.2 22.4 20.6 20.2 20.4 31.6 21.5 25.7 

Grain 3144 (with 1520 IPs) 

FWHM (MPa) 86.1 34.6 53.2 30.0 88.8 93.4 64.4 69.5 

Stress range (MPa) 181.6 99.6 140.9 101.8 280.9 265.0 242.9 202.8 

FWHM/ Stress range (%) 47.4 34.7 37.7 29.5 31.6 35.2 26.5 34.3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

it is shown that FWHM of stress components as well as stress range for the bigger grain is generally higher than those

of smaller grain, particularly for the unload step. This indicates that the bigger grain can accommodate the sharp stress

variations from one side of the grain to another and reduce the stresses from the grain boundaries towards grain interiors;

however, for the smaller grain, the effects of stress variations at the grain boundaries is not overcome by the grain size.

Such effects can better be seen by dividing the calculated FWHM to the stress range to highlight the ratio between stress

variations to stress localization. 

These two grains represent an example of many grain combinations that are tested, yet similar trends are observed. The

variation of FWHM, stress range, and their corresponding ratio as a function of grain size for all of the simulated grains

are shown in Fig. 6 g–l. It can be seen that FWHM of σ 11 and σ H is weakly correlated with the grain size; however, stress

range is significantly affected by the grain size, i.e., bigger grains have higher stress range. This is significant because higher

stress gradients may accelerate diffusion of hydrogen atoms ( Puls, 2012 ; Abdolvand, 2019 ). Such sharp stresses at the grain

boundaries are caused by the bigger grain having more neighbors, i.e. grain 4239 has 33 neighbors compared to the 19

neighbors of grain 3144. 

5.2. Effects of neighboring grains 

Localized stresses close to grain boundaries and grain-average stresses are very much affected by the grain neighborhood.

The effects of grain neighborhood on two different sets of grains are studied here; in the first set, grains are located at the

surface of the CPFE model and are called “surface grains”. In the second set, the selected grains have no element at the

model surface, and are called “interior grains”. Grain 2309, which lies on the surface of the simulated cube, is examined.

This grain has 616 integration points, and 8 of its neighbors are present in the simulated cube, while in the actual specimen

it has more neighbors. Fig. 7 shows that there is a significant difference between the values calculated by CPFE and those

measured with 3D-XRD at the preload step. This is due to missing neighbors and the lack of capturing the “true” grain–
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Fig. 6. Grain-average stresses and stress variations for σ 11 and σ H : Results for grain 4329 and 3144 are shown in the first and second rows, respectively. 

The calculated full width of half max (FWHM), stress range, and the ratio of FWHM to stress range of (g-i) σ 11 and (i-l) σ H . 

 

 

 

 

grain interaction. Such interactions controls how thermal residual stresses develop. These results reveals the importance of

materials microstructure in the analysis of residual stresses for anisotropic materials. 

Two interior grains with nearly similar diameters were selected for further analysis. The choice of two grains was to

only focus on grain neighborhood effects and to minimize the possible size effects. The first grain is grain 5732 which has

a diameter of 41 μm, 21 neighbors, and 4232 integration points. The second grain is grain 3492 which has a diameter of



12 A. Alawadi and H. Abdolvand / Journal of the Mechanics and Physics of Solids 135 (2020) 103799 

Fig. 7. Comparison between CPFE and 3D-XRD results for the surface grain 2309: (a) σ 11 , (b) σ 22 , and (c) σ 33. 

Fig. 8. Grain-average stresses and stress variations for σ 22 and σ H : Results for grain 5732 and 3492 are shown in the top and bottom rows, respectively. 

The first two columns are from the preload step and the last two are from the unload step. 

Table 5 

Grain 5732 and 3492 stress values. 

Preload Unload 

σ 11 σ 22 σ 33 σ H σ 11 σ 22 σ 33 σ H 

Grain 5732 (with 4232 IPs and 21 neighbors) 

FWHM (MPa) 42.0 22.6 51.8 29.3 109.9 65.9 76.6 62.7 

Stress range (MPa) 226.7 91.6 170.7 114.8 395.4 306.5 257.7 253.7 

Grain 3492 (with 6336 IPs and 28 neighbors) 

FWHM (MPa) 56.8 39.4 52.3 36.5 149.6 102.7 79.1 85.1 

Stress range (MPa) 229.8 191.6 285.2 177.6 585.8 402.4 389.7 349.4 

 

 

 

 

 

 

 

 

47 μm, 28 neighbors, and 6336 integration points. It is shown in Fig. 8 that for both cases, the calculated average stresses

from CPFE are in much better agreement with the measured ones. 

As shown in Fig. 8 and Table 5 , the stress range and FWHM for σ 33 and σ H at preload are higher for the grain with

more neighbors (3492). This indicates that higher stresses have developed at the vicinity of grain boundaries. Similarly, for

unload step, the grain with more neighbors has higher stresses at the grain boundaries. For this step, in addition to the

thermal and elastic anisotropy, stresses are affected by the plastic anisotropy. Higher number of neighbors increases the

possibility of having higher misorientation angle with the neighboring grains, resulting in the possibility of having higher

stresses developed close to the grain boundaries. The distribution of misorientation between the two investigated grains and

their neighbors are shown in Fig. 9 a and b. Both total and basal plane normal misorientations are plotted. Grain 5732 has a
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Fig. 9. The distribution of misorientation of (a) grain 5732 and (b) grain 3492 with their neighbors. CPFE results for grain 3492: the variation of (c) σ H 

and (d) σ VM for the element located at the grain boundaries as a function of basal plane misorientation with the immediate neighboring grain. The lines 

shown in (c) and (d) are for the ideal bi-crystal model shown in the middle. . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

maximum misorientation of 67 ° with its neighbors, while grain 3492 has a maximum misorientation of 90 ° which confirms

the effects of higher misorientations on the development of higher localized stresses. 

In Fig. 9 c and d, the calculated hydrostatic ( σ H ) and VonMises ( σ VM 

) stresses of each element located at the vicinity

of the grain boundary of grain 3492 is plotted. Each point represents the stress averaged over eight integration points of

the element, and the values on the x -axis represent the misorientation of the element with the elements of the immediate

neighboring grains. Some elements have more than one neighbor, e.g. triple points, therefore, have multiple points on the

plot. Generally, there is a significant variation in the magnitude of the stresses, even for the elements of the same grain

boundary. Two parameters affect such variations: the type of grain boundary and the grain-neighbor misorientation. To

separate the effects of these two parameters, a simple bicrystal model was made where the only variable was the orientation

of the front crystal (see Fig. 9 ). Only the heat treatment step was simulated by reducing the temperature from 700 °C to

the room temperature and applying symmetry boundary conditions on all surfaces to have zero net macroscopic stresses.

One crystal was kept at a fixed orientation, while the c -axis of the front crystal was rotated to increase the misorientation

from 0 ° to 90 ° with 15 ° increments. The stresses at the center of the grain boundaries at each misorientation are used to

generate the lines shown in Fig. 9 c and d. The trend line shows that the magnitude of the stresses at the grain boundary

simply increase with misorientation. However, the large variation observed in the “real” polycrystal highlights the effects of

grain boundary geometry. 

5.3. Effects of texture 

In the previous sections it was shown that grain–grain interactions control the development of thermal residual stresses,

particularly those that develop at the vicinity of grain boundaries. Such interactions can be affected by the macro-texture

and the combination of the neighboring grains. As such, the effects of macro-texture on the development of thermal residual

stresses are discussed in this section. The CPFE input model and applied boundary conditions are kept the same; however,

to generate a random macro-texture, random orientations are assigned to each grain. This texture is shown in Fig. 10 a. In

comparison to the original “textured” model, grain shapes are conserved, but not grain orientations. 

In Fig. 10 b-d, the distributions of grain-average residual stresses for the “random” and “textured” models are shown

and compared. The “textured” model has more grains with zero grain-average stress than the “random” model indicating

that the grains of the “random” model are more stressed. The most significant difference is seen in σ . In the “textured”
22 
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Fig. 10. (a) The pole figure of the CPFE model with a “random” texture. Grain-average residual stresses from “random” and “original” model: (b), σ 11 , (c) 

σ 22 , and (d) σ 33 . Grain-average residual stresses as a function of grain dimeter from “random” model: (e) σ 33 and (f) σ H . The absolute of the calculated 

data are used for data fitting in (e) and (f). 

 

 

 

 

 

 

 

 

 

 

 

 

 

model, the specimen is textured such that the c -axis of the crystals are oriented towards the x - and z -axis, making the (22)

direction elastically and thermally the “softest” direction. Hence, for the textured model, the misorientation variation among

the neighboring grains is minimum in the 22 direction. The “random” model has a wider σ 22 distribution because the

crystals c-axes are randomly distributed along all three directions increasing the mismatch in thermal and elastic properties

of neighboring grains, and thus developing a wider distribution of grain-average stresses. 

In Fig. 10 e and f, grain-average σ 33 and σ H for the “random” model are respectively plotted against grain diameters.

Similar to those presented in Section 4.2 , lines are fitted using the absolute values of σ 33 and σ H . It is interesting to see

that similar trends are observed for the “random” model. The slope of the fitted lines in Fig. 10 e and f are all negative,

similar to those calculated in Fig. 5 e and f. It can be concluded that for the smaller grains, the localized forces resulting

from the grain–grain interactions and strain compatibilities are the dominant factor in controlling the magnitude of the

grain-average stresses. For the bigger grains, the grain area is big enough to counteract such localized forces. To further

investigate this, the calculated stresses for the two previously discussed grains, grains 3144 and 3492, are analyzed and the

results are summarized in Table 6 . Results from both “random” and “textured” model are provided. The grain-average stress,

FWHM, and the stress range from the “random” model are higher than those of “textured” model which further reinforces
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Table 6 

Stress Values for grain 3144 and grain 3492. 

“Original” Model (Textured) “Random” Model (Random Texture) 

σ 11 σ 22 σ 33 σ H σ 11 σ 22 σ 33 σ H 

Grain 3144 (with 1520 IPs) 

Grain-average 18.9 0 −34.1 −5.1 37.7 106 33.0 59.0 

FWHM 86.1 34.6 53.2 30.0 102.6 103.7 46.8 64.8 

Stress range 181.6 99.6 140.9 101.8 250.9 252.4 164.9 160.1 

Grain 3492 (with 6336 IPs) 

Grain-average 26.5 −3.5 25.3 16.09 38.8 −13 40.66 22.2 

FWHM 56.8 39.4 52.3 36.5 73.6 69.8 73.5 59.2 

Stress range 229.8 191.6 285.2 177.6 304.9 300.5 293.1 246.7 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

our conclusion that the grains of a non-textured specimen have higher grain-average stress than a textured specimen. Also,

grain-average stress of grain 3144 in the “random” model is increased significantly, comparing to grain 3492. The volume of

Grain 3492 is about four time bigger than grain 3144. This further highlights the conclusion that the grain-average stress of

smaller grains are more affected by the localized forces. 

6. Conclusions 

Three-dimensional synchrotron X-ray diffraction was used to measure the state of the residual stresses in the grains of a

textured zirconium polycrystal. Thermal residual stresses developed during heat treatment at 700 °C and mechanical residual

stresses developed after deforming the sample to 1.2% tensile strain and unloading to nearly zero macroscopic stress. The

measured center of mass, orientations, and volumes of grains were used to reconstruct 3D grain shapes using weighted

Voronoi tessellation and import into a CPFE model. The results of the CPFE simulations were compared to those from the

3D-XRD measurement. It is concluded that: 

i. Thermal residual stresses are significant in α-Zr even after stress relieving and recrystallization. This is due to the

thermal and elastic anisotropy of the HCP crystal. 

ii. It is shown that grain-average residual stresses at the preload and unload vary between ±200 MPa for normal stresses,

with an overall standard deviation of 69 MPa and 80 MPa, respectively. Similarly, it is shown that the hydrostatic

stresses at the preload and unload vary between ± 200 MPa with a standard deviation of 43 MPa and 53 MPa,

respectively. This is important as hydrogen embrittlement of zirconium alloys is affected by the state of hydrostatic

stresses. 

iii. A model was built using the same grains of the original “textured” model, yet with “random” macro-texture. It is

shown that the grain-average stresses in the “textured” model have a smaller distribution than those of the “random”

model. 

iv. In smaller grains, the value of the grain-average residual stresses are mainly controlled by the localized forces from

grain–grain interactions. 

v. The grain-average residual stresses of bigger grains are lower than smaller grains as the area of the bigger grains are

high enough to counteract the effects of the localized forces developed due to grain-neighbor interactions. 

vi. As a result of grain neighborhood, stress range within a grain is generally increase with grain size. 

vii. After unloading the specimen from 1.2% applied strain, the variations of the grain-average stress increase due to the

plasticity that occur at the grain scale. 
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